A theoretical analysis is presented for the excitation of single many-electron atoms and ions by twisted (or vortex) light. Special emphasis is put on excitations that can proceed via several electric and magnetic multipole channels. We argue that the relative strength of these multipoles is very sensitive to the topological charge and kinematic parameters of the incident light and can be strongly modified with respect to the plane-wave case. Most remarkably, the modification of multipole transitions by twisted radiation can be described by means of a geometrical factor. This factor is independent of the shell structure of a particular target atom and just reflects the properties of the light beam as well as the position of an atom with respect to the vortex axis. An analytical expression for the geometrical factor is derived for Bessel photons and for a realistic experimental situation in which the position of an atom is not well determined. To illustrate the use of the geometrical factor for the analysis of (future) measurements, detailed calculations are presented for the 3s3p 3 P1 → 3s3p 1 P1 excitation in neutral Mg.
I. INTRODUCTION
In recent years, a considerable interest has been given to the application of twisted (or vortex) light beams in atomic physics. These beams, with their helical phase fronts, non-uniform intensity profiles and complex internal flow patterns [1] , can significantly modify the fundamental photo-induced atomic processes. A number of studies have been performed, for example, to investigate how the special properties of twisted light affect atomic photo-ionization [2, 3] as well as Rayleigh, Raman and Compton scattering [4] [5] [6] .
The photo-excitation of single trapped atoms and ions is also in the focus of intense experimental and theoretical research. It was shown, in particular, that the use of vortex light can lead to a significant reduction of the light shift of bound-state transitions [7] . This opens new opportunities for the high-precision spectroscopy of electric dipole-forbidden clock transitions. Moreover, the selection rules, that relate the angular momenta J and their projections M in the excitation |J i M i + γ → |J f M f , can be remarkably modified if γ is a twisted and not a plane-wave photon [8, 9] . Such a modification of selection rules leads to the fact that the relative strength of allowed multipole components of a particular boundstate transition can be changed as well. A first step in the theoretical analysis of the operation of multipole components by twisted light has been done recently by Afanasev and co-workers [10] . It was shown, in particular, that the contributions of magnetic dipole (M1) and electric quadrupole (E2) channels to the 2 P 1/2 → 2 D 3/2 transi- * sabrina.schulz@ptb.de tion in boron-like ions strongly depend on the position of the target ion within incident twisted beam. For the preparation and analysis of forthcoming photo-excitation experiments, however, a general formalism has to be laid out for the interaction of vortex light with an arbitrary many-electron atom, independent of its shell structure. This formalism has to account, moreover, for the realistic experimental situation in which the position of the target atom (or ion) within the photon wave front is not well determined.
In this contribution, we present a theoretical study of the excitation of a single many-electron atom by twisted light. Our work deals especially with the scenario in which the excitation proceeds via several electric and magnetic multipole channels. To start a discussion of whether and how the strength of these multipoles is affected by twisted light, we shall remind first the wellknown plane-wave results. In Sec. II A, therefore, we briefly consider the evaluation of the plane-wave matrix elements and transition rates. Their counterparts for twisted beams are derived then in Sec. II B. We show, in particular, that for transitions between states with unresolved magnetic sublevel structure the multipole rates are added with no interference term. Therefore, it is natural to quantify the relative contribution of the multipole components of twisted light to a particular transition by the ratio of their rates. In Sec. II B 2 we show that this ratio can be written as a product of two terms. While the first term is just a ratio of the usual planewave multipole transition rates, the second is given by the so-called geometrical factor. This factor is independent of the shell structure of a particular atom but is sensitive to the topological charge and kinematic properties of incident Bessel light. Detailed calculations of the geometrical factor are presented in Sec. III A for dipole, quadrupole and octupole transitions. Special emphasis in these calculations is placed upon the uncertainty in localizing the atom within the light front. In particular, we analyze the 3s3p 3 P 1 → 3s3p 1 P 1 excitation of a neutral Mg atom. In Sec. III B we show that while for the incident plane wave both magnetic dipole (M1) and electric quadrupole (E2) components contribute almost equally to this line, the relative strength of the E2 term can be enhanced by almost an order of magnitude if a Bessel beam with topological charge two is used for the excitation. The summary of these results and outlook are given finally in Sec. IV.
Hartree atomic units ( = e = m e = 1) are used throughout the paper unless stated otherwise.
II. THEORETICAL BACKGROUND

A. Excitation by plane-wave photons
Since the excitation of atoms by plane-wave radiation has been studied in a large number of works, here we just recall the basic formulas needed for the further analysis. We start our discussion from the transition amplitude:
which is needed to calculate both the excitation rate and all properties of the final (excited) state. This amplitude is written here for a transition between many-electron states, that are characterized by the total angular momenta J i,f and their projections M i,f . Moreover, α i,f denote all additional quantum numbers as required for a unique specification of the atomic states.
The electron-photon interaction operatorR = q α q A (pl) (r q ) in the amplitude (1) is written as a sum of one-particle operators, where α q denotes the vector of Dirac matrices for the q th particle and A (pl) (r q ) is the vector potential of the radiation field. In the Coulomb gauge and for the plane-wave solution this vector potential reads as:
where k and e kλ are the wave-and polarization vectors, and λ = ±1 is the helicity of light. For the analysis of the atomic photo-excitation it is very convenient to expand A (pl) (r) in terms of its electric and magnetic multipole fields. If the propagation direction of the lightk = k/k = (θ k , φ k ) does not coincide with the quantization (z-) axis, this expansion is given by:
Here, [L] = 2L + 1, D L M λ is the Wigner rotation matrix, and a (p) LM (r) refers to magnetic (p = 0) and electric (p = 1) multipole components. For the sake of brevity, we will not present the explicit form of these components and refer the reader instead to Refs. [11] [12] [13] . Here we just mention that a 
where we introduced the short-hand notation
for the many-electron reduced matrix element. This (reduced) matrix element does not depend on the projections of the angular momenta of an atom and photon as well as on the particular choice of the quantization axis and the light propagation directionk. It solely reflects the electronic structure of an atom and its coupling to a particular multipole component (pL) of the radiation field. We will see below that these elements α f J f ||H γ (pL)|| α i J i form the "building block" to describe all the properties of the photo-excitation process both for the plane-wave and twisted light.
With the help of the amplitude M
(pl) f i one can calculate now the rate for the |α i J i + γ → |α f J f excitation of an atom by the plane-wave light [14] :
(
Here we assumed that the initial atomic state is unpolarized and the magnetic sublevel population of the final state remains unobserved. By inserting Eq. (4) into this expression and making simple angular momentum algebra, we obtain:
where the partial multipole rate is:
As seen from these formulas, the total (i.e. summed over
f i is given as the sum of rates of individual electric and magnetic multipole transitions. This sum is restricted to the (pL)-terms that are allowed by the selection rules for a given choice of initial and final atomic states. In the present work, for example, we consider |α i J i + γ → |α f J f transitions which can proceed via two multipole channels.
B. Excitation by twisted photons
Transition amplitudes and rates
After a brief reminder of basic formulas for the planewave radiation, we are ready to explore the excitation of a single trapped atom by twisted light. Again, we start our analysis from the transition amplitude:
where in contrast to Eq. (1) we have to insert the vector potential A (tw) (r) for twisted radiation. In the present study we write this potential as
with the amplitude
These expressions describe so-called Bessel photons with helicity λ, the longitudinal component k z of the linear momentum and the projection m of the total angular momentum (TAM) upon the light propagation axis (z-axis). Moreover, the Bessel state (10) is also characterized by the absolute value of the transverse momentum |k ⊥ | = κ and, hence, by the photon energy ω = k/α = k 2 z + κ 2 /α, see Ref. [2, 5, 15] for further details.
The exponential factor e −ik ⊥ b in Eq. (10) specifies the position of a target atom within the incident beam. One has to introduce this factor since-in contrast to the plane wave case-all properties of twisted beams are position-dependent. For example, the beam intensity profile in the xy-plane normal to the propagation (z-) axis exhibits a concentric ring pattern. The impact pa- (10) is defined with regard to the central point of this ring structure.
Eqs. (10)- (11) suggest that a Bessel beam can be interpreted as a coherent superposition of plane waves e kλ e ikr whose wave vectors k are uniformly distributed upon the surface of a cone with a polar opening angle θ k = arctan(κ/k z ). By making the standard expansion (4) of these plane waves and by inserting A (tw) κmkzλ (r) into Eq. (9) we find after simple algebra By taking the modulus squared of the amplitude (12) and averaging (summing) it over the magnetic quantum numbers of initial and final states we derive the total rate for the excitation of atoms by Bessel light:
Similar to W
is a sum of partial rates of allowed multipole transitions (pL). Each partial rate W
(tw) f i (pL), moreover, is a product of its plane-wave counterpart (8) and geometrical term that describes the properties of the Bessel beam and the position of the target atom. This implies, therefore, that the relative contributions of the multipole channels (pL) to the total rate of the |α i J i +γ → |α f J f transition can be modified by the use of twisted light.
Before starting a detailed discussion on the modification of multipole transition probabilities by twisted light we note that Eq. (13) describes an idealized situation of precise localization of a target atom in the light front. This is not the case in most experiments in which the impact parameter b remains undetermined and can at best be described by some mean value. In order to account for such a delocalization we assume here that the probability to find an atom at the distance b from the beam center is given by:
with b 0 being the most probable impact parameter and σ the width of the distribution. Making use of this expression and Eq. (13) we can find the photoexcitation rate for the realistic scenario of a delocalized atom:
Here the function J m−M (b 0 ) read as:
with I 0 being the modified Bessel function of the first kind [16] . Similar to before, the partial multipole rates in Eq. (15) are given by the product of their plane-wave counterparts W (pl) f i (pL) and the function that depends on the properties of twisted beam and geometry of atomic target.
Relative contributions of multipole transitions
As mentioned already above, the summation over multipole components (pL) in Eqs. (13) and (15) is restricted by the parity and angular momentum selection rules. Rather often, therefore, an atomic transition |α i J i +γ → |α f J f may proceed via just two channels and its rate is given then by:
In the standard plane-wave case the contribution of these channels is defined solely by the electronic structure of the target atom. This is not the case, however, for twisted light for which the partial multipole rates W
(tw) f i (pL) depend also on the geometrical properties of the radiation and the position of the atom. In order to better understand how the (relative) strength of multipoles is affected by the interaction with twisted light we consider the probability ratio:
which is written as a product of two terms. The first term is the geometrical factor
that depends on the TAM projection m and the opening angle θ k of the Bessel beam as well as on the position of the target atom. The second term in Eq. (18) is just a squared ratio of the reduced matrix elements of multipole transitions:
This expression is independent of the geometry of the process and just reflects the electronic structure of the atom. Eq. (18) clearly indicates that the relative strength of multipole transitions, if induced by twisted light, is modified with regard to standard plane-wave radiation. For an atom with well-defined impact parameter b, this modification is determined by the factor R L1L2 (κb). To consider a more realistic scenario of delocalized atom we need to use the averaged geometrical factor:
where J m−M (b 0 ) is given by Eq. (16) . Being inserted into Eq. (18) in place of R L1L2 (κb) this averaged factor can help to analyze the role of different multipole transitions in atomic trap experiments.
III. RESULTS AND DISCUSSION
A. Geometrical factors for Bessel light
In the previous section we have shown that the ratios of multipole transition probabilities for plane-and twisted waves are just related to each other by the geometrical factors (19) and (21). The magnitude of these factors determines how strongly the twisted light affects the relative contribution of multipole terms. Hence, it is instructive to calculate R L1L2 (κb) andR L1L2 (κb 0 ) for some typical pairs of multipoles as they appear in atomic spectroscopy. In Fig. 1 , for example, we display the geometrical factor R L1=2, L2=1 (κb) that describes the enhancement (or reduction) of the M 2/E1 or E2/M 1 probability ratios. This factor is calculated as a function of the dimensionless parameter kb = α ω b and for three TAM projections, m = 1 (upper panel), m = 2 (middle panel) and m = 3 (lower panel). We have assumed, moreover, that the incident Bessel beam is a superposition of plane-waves with helicity λ = 1 and with linear momenta k that lay on the surface of a cone with the opening angles θ k = 1 deg (dotted line), θ k = 10 deg (dashed line) and θ k = 30 deg (solid line), see Eq. (10). As seen from the figure, the geometrical factor R L1=2, L2=1 (κb) is very sensitive to both, the opening angle θ k and the TAM projection m. In particular, for a small opening angle θ k = 1 deg and for m = 1 the R L1L2 (κb) is almost unity thus indicating no change in the M 2/E1 (or E2/M 1) probability ratios in comparison to the planewave case. This is well expected since in the limit θ k → 0 and for m = λ the twisted-wave vector potential (10)-(11) recovers the standard solution for a plane wave propagating along the z-axis [2] . With the increase in θ k the geometrical factor may significantly deviate from the plane-wave prediction R (pl) = 1. For kb 5, for example, the R L1=2, L2=1 (κb) oscillates and can reach the value of about 5 which implies significant enhancement of the quadrupole (L = 2) term with respect to the dipole (L = 1) counterpart.
The interaction with Bessel light is most pronounced for the TAM projection m > 1 and small impact parameters, kb → 0. In this parameter range the geometrical factor R L1=2, L2=1 (κb) is orders of magnitudes larger than R (pl) = 1. This enhancement is observed for all (non-zero) opening angles θ k and can be explained based on the selection rules for a transition 
From this expression and Eq. (12) it immediately follows that only multipoles with L ≥ |m| can contribute to the excitation. For m = 2 and small impact parameters, therefore, dipole transitions are strongly suppressed thus resulting in a drastic enhancement of R L1=2, L2=1 (κb).
With the further increase in the TAM projection, m > 2, both L = 1 and L = 2 terms are forbidden for b = 0 but the quadrupole transition rate grows much faster than the dipole one as an atom moves away from the beam center. Again, this leads to very large values of R L1=2, L2=1 (κb) for kb 1. Until now we have considered the geometrical factor R L1=2, L2=1 (κb) that characterizes the ratio of quadrupole to dipole transitions probabilities. In order to discuss how the absorption of twisted photons can affect other pairs of multipoles, we display in Fig. 2 the factor R L1=3, L2=2 (κb). As follows from Eq. (18) , this factor describes the M 2/E3 or E2/M 3 probability (or rate) ratios. Again, calculations have been performed for three TAM projections, m = 1, 2, and 3, and three opening angles, θ k = 1 deg, 10 deg, and 30 deg, of the incident Bessel beam. Similar to the quarupole-to-dipole case, R L1=3, L2=2 (κb) is strongly dependent on these two parameters that characterize the twisted light. The θ kdependence is very pronounced for an atom displaced from the beam center by kb 5. In this case the geometrical factor R L1=3, L2=2 (κb) reproduces almost identically the plane-wave result R (pl) = 1 for θ k = 1 deg while it oscillates for large opening angles θ k = 10 deg and θ k = 30 deg. Even though the amplitude of these oscillations is smaller than for the quadrupole-to-dipole case, it indicates that M 2/E3 and E2/M 3 rate ratios can be increased (or decreased) by almost a factor of two if one chooses a proper position of the target atom in the light beam.
As in the M 2/E1 (or E2/M 1) case, c.f. Fig. 1 , the largest enhancement of the factor R L1=3, L2=2 (κb) can be found for very small impact parameters, kb → 0. In contrast to R L1=2, L2=1 (κb), however, the octupoleto-quadrupole factor increases by orders of magnitude only for TAM projections m > 2. This is again a consequence of the transition selection rules which allow both quadrupole (L = 2) and octupole (L = 3) excitations of an atom, located at the center of the Bessel beam with m ≤ 2. Only for the higher topological charge m = 3 the M 2 (or E2) transition is suppressed which leads to a significant enhancement of the factor R L1=3, L2=2 (κb), see lower panel of Fig. 2 . Figs. 1 and 2 display the quadrupole-to-dipole and octupole-to-quadrupole factors R L1, L2 (κb) calculated for a target atom with well-defined position with respect to the center of the Bessel beam. As we mentioned already, this idealized case can not be realized in the present experiments where the impact parameter b is determined with a rather large uncertainty. In order to investigate the effect of this uncertainty for the relative strength of multipole transitions we compare in Fig. 3 the geometrical factors for a well-localized (solid line) and delocalized atom. For the latter case we employed Eq. b 0 = b for the "localized-atom" case. In contrast to Figs. 1 and 2 , however, we have restricted here our calculations to a single TAM projection m = 2 and the opening angle θ k = 10 deg. As seen from the figure, the delocalization of the target atom causes the geometrical factorR L1L2 (κb 0 ) to approach the plane-wave result R (pl) = 1. The most pronounced effect can be observed for the quadrupole-to-dipole factor and small impact parameters, b → 0. For this caseR L1=2,L2=1 (κb 0 ) is reduced by at least one order of magnitude if the position of the atom within the Bessel wave-front is not well defined. Also at kb 0 ≈ 22 the geometrical factor R L1=2,L2=1 (κb 0 ) decreases by almost factor three with the increase in the location uncertainty σ. These results clearly indicate the demand for a precise localization of the target atom for an efficient modification of the relative strength of multipole atomic transitions by a twisted light.
The geometrical factors R L1 L2 (κb) andR L1L2 (κb 0 ), discussed in the previous section, allow one to analyze the relative contribution of multipole terms for an arbitrary atom and arbitrary transition. Of special interest here is the analysis of electric-dipole forbidden excitations. In atomic spectroscopy a number of such transitions is known which proceed via several non-E1 channels of almost equal (plane-wave) strength. In this case the effect of absorption of twisted photons will be very pronounced and can be easily observed experimentally. In contrast, for transitions involving electric dipole term the planewave pL/E1 probability ratios are usually very small. It will be therefore very difficult to approve changes in the relative contributions of pL and E1 multipole components if twisted light interacts with delocalized atom.
As an example of electric-dipole forbidden transition we consider here the 3s3p 3 P 1 → 3s3p 1 P 1 excitation in neutral Mg. This transition, whose wavelength is 758 nm and which is well separated frommuch strongerelectric dipole transitions [17] , can be induced by the standard red diode lasers. It may proceed, moreover, via either magnetic dipole M1 or electric quadrupole E2 channels. In order to estimate the probabilities of these multipole transitions, we have used the multiconfiguration Dirac-Fock (MCDF) approach which allows to account for the relativistic and magnetic interaction effects in many-electron systems. The detailed MCDF calculations have been performed with the help of the recently developed JAC code [18] and have revealed the oscillator strengths f M 1 = 3.5 × 10 −12 and f E2 = 4.8 × 10 −12 for the M1 and E2 transitions, respectively. Hence, if the 3 P 1 → 1 P 1 transition is induced by plane-wave radiation, the rates of both channels will be almost the same, W (pl)
As discussed above, one can use Bessel light in order to modify this ratio. For example, the contribution of the quadrupole transition can be significantly enhanced if the Mg atom is placed near the center of the Bessel beam with TAM projection m = 2, see middle panel of Fig. 1 . The size of this enhancement depends, however, on the uncertainty σ of the target position. For example, as seen from Fig. 3 an order-of-magnitude increase in the averaged geometrical factorR L1=2,L2=1 (κb 0 = 0) and, hence, of the ratio W f i (M 1) is strongly suppressed near the beam center as it can be understood from the modified selection rule (22). For b 0 = 0, therefore, the 3 P 1 → 1 P 1 transition proceeds predominantly via the E2 channel; the effect that has been expected from the analysis of the averaged geometrical factorR L1=2,L2=1 (κb 0 ).
As seen from Fig. 4 , the rate for the excitation induced by the Bessel light is smaller comparing to its plane-wave counterpartner; the effect which is mostly pronounced for small b 0 . This can be well expected since for the rather small spread, σ = 21 nm of the impact parameter the target atom is exposed to low light intensity near the beam axis. Of course, the twisted excitation rate can be significantly increased by enhancing the σ and can even become comparable to the W (pl) f i if σ → ∞. In this case, however, no modification of the multipole transitions by twisted light will be possible sinceR L1=2,L2=1 (κb 0 ) ≈ 1, see Fig. 3 and Eq. (21). Therefore, the precise position control of the trapped atom is necessary to observe the twisted light effect.
IV. SUMMARY AND OUTLOOK
In summary, we have performed a theoretical study of the excitation of a single trapped atom or ion by incident light. Special attention was paid to the case when the photo-excitation proceeds via several (electric and magnetic) multipole channels. We have shown that the relative strength of these channels can be significantly modified if instead of the standard plane-wave radiation one uses twisted Bessel light. In order to quantify the effect of the "twistedness" on the (ratio of) multipole transition rates we have introduced the geometrical factors (19) and (21). These factors are independent of the electronic structure of a particular atom but reflect the kinematic properties and topological charge of the incident Bessel beam as well as position of a target atom in such a beam. Moreover, the averaged geometrical factor R L1,L2 (κb 0 ) accounts for realistic scenario in which the position of an atom is not well determined. The use of this factor may help in the preparation and analysis of experiments with single trapped ions.
Although the geometrical factors R L1,L2 (κb) and R L1,L2 (κb 0 ) are universal and can be used for any atomic system, we have applied them here to investigate the 3s3p 3 P 1 → 3s3p 1 P 1 excitation of a neutral Mg atom. This transition can proceed via either magnetic dipole (M1) or electric quadrupole (E2) channels whose probabilities are almost the same if the atom is exposed to plane-wave radiation. In contrast, the application of the Bessel light can enhance the relative strength of the E2 transition by almost an order of magnitude. Based on the analysis of the averaged geometrical factorR L1,L2 (κb 0 ) we have shown that this enhancement can be achieved if the Mg atom is placed at the beam axis with the maximal uncertainty σ ≈ 20 nm.
Although our present computations were carried out for a Bessel beam only, the results obtained here are also applicable to the excitation with twisted Laguerre-Gaussian beams if the target atom is placed close to the beam center. This is due to the fact that both the paraxial Bessel and Laguerre-Gaussian beams with non-zero OAM m l behave like r m l e im l φ for small r.
In the present study we have focused on transitions between fine-structure levels |αJ , whose magnetic substates remains unobserved. However, the photoexcitation of trapped atoms prepared in a particular substate |αJM J is also a subject of considerable experimental and theoretical interest. The multipole components of such |α i J i M i + γ → |α f J f M f transitions can be strongly affected by twisted light as well. Apart of the "usual" enchancement (or reduction) of transition rates W (tw) f i (pL), one might also expect the modification of the multipole-mixing terms that arise in magnetic-sublevel transitions. Detailed analysis of these effects of twisted beams is currently underway and will be presented soon.
